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Classical Model-Based Option Pricing I

Classical option pricing approaches, such as the Black–Scholes framework, start from a specific
model for the dynamics of the underlying asset.

For instance, in the Black–Scholes model one assumes that the stock price follows a geometric
Brownian motion:

dSt = µSt dt + σSt dWt .

The option valuation rule is then derived from this assumed price dynamics.

Main observation
When one uses a model-based option pricing formula, one also commits to a specific asset
pricing model and to the structural assumptions behind it.

Thus, model-based pricing formulas are tied to assumptions such as:
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Classical Model-Based Option Pricing II

a prescribed stochastic law for the underlying asset,
a specific parametric structure,
and an idealized market environment supporting valuation.

Moreover, their hedging interpretation is based on replication arguments that rely on
continuous-time rebalancing,
frictionless trading,
unlimited liquidity,
and absence of transaction costs.

Therefore, the associated hedging portfolios they do not directly provide feasible hedging rules
in realistic discrete-time markets.
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Why We Need a Data-Driven Valuation Mechanism I

The previous discussion leads to a natural conclusion.

If the goal is to construct a practically useful dynamic trading strategy, then option valuation
should not rely exclusively on

a fixed stochastic model for the underlying asset,
or on a historical calibration of the stock price process alone.

Instead, the pricing mechanism should be able to use information that is directly relevant to
the option market.

Main principle
To obtain logically consistent option valuations, one should take into account, in some form,
the information contained in the available traded options.
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Dynamic Portfolio Construction I

We consider a portfolio consisting of
one risky asset,
one bank account,
call and put options with strikes K1 < · · · < Kn,

all having the same expiration date T .

At the initial time t0 = 0, we allocate the initial capital V according to

a0S0 + b0 +
n∑

i=1
γi C(Ki) +

n∑
i=1

δi P(Ki) = V .

The key question is the following:
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Dynamic Portfolio Construction II

Main problem
How should we update the portfolio composition at the rebalancing dates

t1 < t2 < · · · < tN−1 ?

In other words, we seek a dynamic rule that determines the new holdings in the stock, the
bank account, and the options at each trading date.
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Dynamic Portfolio Construction III

Bank account or Bonds?
In a discrete-time rebalancing framework, the non-risky asset is modeled by the money-market
account. A fixed-maturity bond is tied to a specific terminal date and therefore cannot play
the role of a common risk-free asset over all rebalancing periods.
This also justifies the use of the same interest rate for both investment and borrowing, since
both are represented by the same bank account process: positive positions correspond to
lending, whereas negative positions correspond to borrowing.
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Scenario Selection for the Underlying Asset I

The methodology that we propose is based on the selection of future price scenarios for the
underlying asset in its simplest form (see [11]), namely paths of the form

St1(ω), St2(ω), . . . , StN (ω).

These scenarios represent possible future evolutions of the asset price over the trading dates

t1 < t2 < · · · < tN .

Main point
The choice of these paths is of a purely predictive character. Therefore, it is necessarily
subjective.
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Scenario Selection for the Underlying Asset II

Indeed, the methodology does not assume that there exists a unique “correct” future dynamics
for the underlying asset.

Instead, one selects a family of plausible scenarios, according to
the investor’s market view,
the modeller’s predictive methodology,
or statistical and econometric evidence.

Thus, subjectivity enters the framework through the scenario generation step, and not through
the imposition of a universal pricing formula.
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Possible Constructions of Scenario Paths I

There are many possible ways to construct the scenario paths

St1(ω), St2(ω), . . . , StN (ω).

For example, one may generate them from a specific asset-price model, such as a geometric
Brownian motion.

In that case, the scenarios are produced according to

Stk+1(ω) = Stk (ω) exp
(
µ∆t + σ

√
∆t Zk+1(ω)

)
,

where (Zk) is a sequence of standard normal shocks.

More generally, one may combine scenarios coming from several different models.

For instance, one may decide that:
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Possible Constructions of Scenario Paths II

x% of the generated paths come from a first model,
y% of the paths come from a second model,
and the remaining scenarios come from other predictive mechanisms.

Interpretation
Hence, the scenario family may be generated from a mixture of predictive models, rather than
from a single universally imposed dynamics.

This makes the framework flexible: it allows the investor to incorporate different market views,
stress scenarios, and alternative predictive structures into the dynamic trading procedure.
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When Dynamic Trading in Options is Allowed I

Suppose that, at the rebalancing dates

t1, . . . , tN−1,

the investor is allowed not only to rebalance the stock and the bank account, but also to buy
or sell options.

In that case, the portfolio construction requires information about the possible future values of
the traded options at the rebalancing dates.

Main implication
If options can be bought or sold dynamically, then one needs a predictive mechanism for their
future market values.
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When Dynamic Trading in Options is Allowed II

Indeed, at time tk , the investor must decide the new positions in calls and puts on the basis of
their expected values at that date.

Therefore, the dynamic strategy must include a valuation component capable of producing
approximations such as

Ck(Ki) ≈ F̂ call(Xk,i), Pk(Ki) ≈ F̂ put(Xk,i).

Without such a predictive valuation mechanism, dynamic trading in options cannot be
implemented in a coherent way.
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An Alternative: Buy-Only Option Positions with Exercise Decisions I

There is, however, an alternative framework (see [7]).

Instead of allowing repeated purchases and sales of options at the rebalancing dates, one may
equip the portfolio initially with options that are only bought and then held.

If these contracts are of American type, then at each rebalancing date the investor may decide
whether to exercise some of them.

Alternative viewpoint
In this case, the dynamic decision is no longer how many options to buy or sell, but rather how
many and which options should be exercised at each rebalancing date.

Thus, at time tk , the control variables may include:
the stock position,
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An Alternative: Buy-Only Option Positions with Exercise Decisions II

the bank account position,
and the number of American-style option contracts to be exercised.

This formulation avoids the need to predict resale prices of options at every date, but replaces
it with an exercise policy problem.

Hence, the methodology may proceed in two different ways:
either through predictive valuation and dynamic trading of options (see [11]),
or through initial option positions together with dynamic exercise decisions (see [7]).

Below, we describe (see [11]) the first methodology given that we have construct suitable
valuation maps for the call and put options.
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Portfolio Value at Time tk I

At time tk , the portfolio value is

Vk = akStk + bk +
n∑

i=1
γk

i Ck(Ki) +
n∑

i=1
δk

i Pk(Ki),

where Ck(Ki) and Pk(Ki) denote the time-tk values of the call and put options with strike Ki .
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Valuation Maps for the Options I

The portfolio value at time tk depends on the current values of the calls and puts.

Since these values are not known in advance, we estimate them by means of valuation maps.

More precisely,
Ck(Ki) ≈ F̂ call(Xk,i), Pk(Ki) ≈ F̂ put(Xk,i).

Therefore,

Vk ≈ akStk + bk +
n∑

i=1
γk

i F̂ call(Xk,i) +
n∑

i=1
δk

i F̂ put(Xk,i).
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Learning the Rebalancing Rules from Selected Paths I

We now turn to the portfolio positions

ak , γk
i , δk

i .

These quantities are not chosen arbitrarily. We approximate them by sigmoidal functions with
unknown parameters.

The parameters of these functions are estimated from a set of selected price paths.

In this way, the dynamic strategy is learned from data:
we select representative paths,
we fit the parameters of the sigmoidal rules,
we use the fitted rules to rebalance the portfolio over time.
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Parametric Approximation of the Portfolio Rules I

More precisely, we write

ak ≈ aθk , γk
i ≈ γθ,ki , δk

i ≈ δθ,ki ,

where θ is a vector of unknown parameters.

The parameter vector θ is computed using the selected paths and using criteria like in [7].
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Mean–CVaR Optimisation

Lθ := −Πθ(ST ), J(θ) = E[Πθ(ST )]− λCVaRα(Lθ), λ > 0.

Maximise expected hedging performance
Penalise tail risk of residual losses
Optimise over admissible parameters:

sup
θ∈Θ

J(θ)

Theorem 15
If Θ is nonempty and compact, then there exists θ∗ ∈ Θ such that

J(θ∗) = sup
θ∈Θ

J(θ).
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Dynamic Hedging of Options I

By inserting the payoff function of the claim into the terminal performance equation, we
obtain a dynamic hedging scheme for that derivative.

Therefore, the same framework can be used for:
standard options,
exotic options,
and, in general, any contingent claim.

This gives a flexible, implementable, and data-driven approach to dynamic hedging.

Main implication
A fair price for the option can be defined via the equality of the residual downside risks of the
two sides. If the arbitrage-free interval is nonempty, then, under suitable assumptions, this fair
price lies inside that interval.
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Dynamic Hedging of Options II

Main contribution
The proposed framework determines a fair price that is coherent with the prices of the other
traded options. At the same time, it delivers a feasible dynamic hedging strategy, and
therefore combines valuation with practical implementation.

Unified modelling viewpoint
By combining scenario selection with sigmoidal approximations, the proposed methodology can
incorporate diffusion models, jump models, stochastic-volatility models, Lévy-type dynamics,
and mixtures of predictive mechanisms. In this sense, it provides a unified discrete-time
framework for approximating pricing and hedging rules generated by a broad class of stochastic
models.
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Dynamic Hedging of Options III

Interpretation
The proposed viewpoint may be regarded as a natural extension of classical model-based
option pricing frameworks to the setting of feasible discrete-time hedging.

Related literature
This viewpoint is closely related to recent work (see [3]) on data-driven hedging with generative
models, where forward-looking scenarios are combined with optimisation in order to construct
dynamic self-financing hedging strategies. More generally, such scenario-based methodologies
may also be used for the design of trading strategies under alternative criteria. However, the
authors do not address the issue of defining a fair price for a general path-dependent option,
despite the practical importance of such a notion at the negotiation stage.
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Toy Example: A European Call with Stock–Bank Hedge I

We illustrate the methodology on a simple non path-dependent claim, namely a European call
option with payoff

H = (ST − K)+.

We consider trading dates
0 = t0 < t1 < · · · < tN = T ,

and a self-financing hedging portfolio consisting only of
the underlying asset,
and the bank account.
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Toy Example: A European Call with Stock–Bank Hedge II

Hence, at time tk the portfolio value is

Vk = akStk + bk ,

where ak is the number of shares and bk is the amount invested in the bank account.

Key simplification
In this toy example no intermediate option valuation map is needed, since the hedging
portfolio contains only the stock and the bank account.
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A Data-Driven Rebalancing Rule I
We assume that the stock position is determined only by the current stock price:

ak = aθk(Stk ), k = 0, 1, . . . ,N − 1,

where θ is a vector of parameters to be learned from selected scenarios.
A convenient choice is a sigmoidal rule of the form

aθk(S) = αk + βk
1

1 + e−γk(S−ck)
.

Thus, the input of the rebalancing rule is one-dimensional:

input = Stk .

If the call is sold at price p, then the initial portfolio is

V0 = p, b0 = p − aθ0(S0)S0.
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A Data-Driven Rebalancing Rule II

Interpretation
The dynamic hedging strategy is entirely determined by the current value of the underlying
asset, without using path-dependent state variables or additional option positions.
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Self-Financing Dynamics Along the Selected Paths I

Let
Rk =

Btk+1

Btk

denote the bank account growth factor from tk to tk+1.
For each selected scenario

S(m)
t0 ,S(m)

t1 , . . . , S(m)
tN , m = 1, . . . ,M,

the portfolio evolves according to

V (m)
k+1 = aθk

(
S(m)

tk

)
S(m)

tk+1 + Rk b(m)
k ,

and after rebalancing we set

b(m)
k+1 = V (m)

k+1 − aθk+1

(
S(m)

tk+1

)
S(m)

tk+1 .
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Self-Financing Dynamics Along the Selected Paths II

At maturity, the hedging error is

ε(m)(p, θ) = V (m)
N − (S(m)

T − K)+.
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Training the Hedge and Defining the Price I

The parameters θ are estimated from the selected paths by optimising a risk-sensitive criterion
based on the terminal hedging error.
For example, for a fixed initial price p, one may solve

sup
θ∈Θ

[
1
M

M∑
m=1

ε(m)(p, θ)− λCVaRα

((
(ST − K)+ − VN

)+)]
.

This produces:
a feasible dynamic hedging rule aθk(Stk ),
and a residual risk level associated with the candidate price p.

Valuation viewpoint
By varying p, one may define a fair price through the equality of the optimised residual
downside risks of the two sides.
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A Fair Price Within the Classical No-Arbitrage Bounds I

For the European call toy example, the proposed methodology yields a fair price Y ∗ defined
through equality of the minimal residual downside risks of the two sides.
Under suitable assumptions, this fair price lies in the arbitrage-free interval. Since here the
market consists only of the underlying asset and the bank account, the relevant no-arbitrage
bounds are the classical ones:

max{0,S0 − Ke−rT} ≤ Y ∗ ≤ S0.

Interpretation
Hence the method produces a valuation which is not only data-driven and compatible with
feasible discrete-time hedging, but also consistent with the standard no-arbitrage restrictions
for a European call.
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Implicit Dependence on the Option Parameters I
In the toy example, the stock position is written in the simple form

a∗k = A∗
k(Stk ).

Thus, the current stock price is the only explicit input of the trading rule.
However, the fitted map A∗

k depends implicitly on
the specific option payoff,
the strike K ,
the maturity T ,
the trading dates,
and the scenario-generation mechanism used in the training step.

Interpretation
Hence the rule is one-dimensional in its observable input, but option-specific through its
calibration.
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Relation with the Black–Scholes Viewpoint I

The scenario paths may be generated by a geometric Brownian motion.
Therefore, the toy example remains close to the Black–Scholes framework at the level of
predictive scenario generation.

The essential difference appears at the valuation level: the proposed fair price is associated
with an optimal feasible hedge in discrete time, whereas the Black–Scholes price is derived
from idealised continuous-time replication.

Main point
Thus, the proposed valuation is more closely connected with implementable hedging decisions
in realistic discrete-time trading.
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Relation with the Black–Scholes Viewpoint II

Further implication
The learned rebalancing rule a∗k can also be used to compute data-driven Greeks and an implied
volatility. These quantities are more relevant for practical hedging than the corresponding
Black–Scholes ones, since they are generated by a feasible discrete-time hedging portfolio.
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Bounded Sigmoidal Approximation of the Hedging Rule I

In the toy example, the stock position is written in the form

a∗k = A∗
k(Stk ),

where the dependence on the strike, the maturity, and the scenario-generation mechanism is
implicit through calibration.

To make this dependence explicit, we introduce the parametrised hedging map

Ak(S;σ,m,K ,T ) := A(tk ,S;σ,m,K ,T ), τk := T − tk .
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Bounded Sigmoidal Approximation of the Hedging Rule II

Standing assumption
For each trading date tk , the map

Ak : Dk ⊂ R5 → [0, 1], (S, σ,m,K , τk) 7→ Ak(S;σ,m,K ,T ),

is assumed to be continuous on a compact domain Dk .

We then approximate Ak by bounded sigmoidal functions.
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Bounded Sigmoidal Approximation of the Hedging Rule III
Sigmoidal approximation
Let

Λ(x) := 1
1 + e−x , x ∈ R.

For every ε > 0, there exists an integer q ≥ 1 and coefficients

c0, c1, . . . , cq, b1, . . . , bq ∈ R,

together with vectors

uj = (uj,1, uj,2, uj,3, uj,4, uj,5) ∈ R5, j = 1, . . . , q,

such that the function

A(q)
k (S;σ,m,K ,T ) = Λ

c0 +

q∑
j=1

cj Λ
(
uj,1S + uj,2σ + uj,3m + uj,4K + uj,5τk + bj

)
satisfies

sup
(S,σ,m,K ,τk)∈Dk

∣∣∣Ak(S;σ,m,K ,T )− A(q)
k (S;σ,m,K ,T )

∣∣∣ < ε.

Since the outer sigmoid is used, the approximation remains bounded:

0 < A(q)
k (S;σ,m,K ,T ) < 1.

Interpretation
Hence the optimal stock position can be approximated by a bounded sigmoidal map depending
explicitly on

t, σ, m, K , T .

This representation is particularly convenient for the symbolic computation of data-driven
sensitivities.
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Symbolic Data-Driven Greeks I

Once the hedging rule is represented by a smooth bounded sigmoidal approximation

ak ≈ A(q)
k (S;σ,m,K ,T ),

its sensitivities can be computed symbolically.

Indeed, since
Λ′(x) = Λ(x)

(
1 − Λ(x)

)
,

the map A(q)
k is infinitely differentiable with respect to all its variables. Therefore one may

define the data-driven hedge sensitivities

∂A(q)
k

∂S ,
∂A(q)

k
∂σ

,
∂A(q)

k
∂m ,

∂A(q)
k

∂K ,
∂A(q)

k
∂t .
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Symbolic Data-Driven Greeks II

If, moreover, the data-driven price surface is denoted by

Y ? = Y ?(t,S;σ,m,K ,T ),

and is sufficiently smooth, then the corresponding Greeks are defined by

∆DD =
∂Y ?

∂S , ΓDD =
∂2Y ?

∂S2 , VDD =
∂Y ?

∂σ
, ΘDD =

∂Y ?

∂t .
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A Price Surface Associated with the Hedging Rule I

Assume that the learned hedging rule is represented by

A = A(t,S;σ,m,K ,T ).

A price surface associated with this hedge map may be defined by

Y ?(t,S;σ,m,K ,T ) =

∫ S

Sref

A(t, u;σ,m,K ,T ) du + c(t, σ,m,K ,T ),

where Sref is a fixed reference level of the underlying price, and c(t, σ,m,K ,T ) is determined
by a normalisation or boundary condition.
Then, by construction,

∂Y ?

∂S (t,S;σ,m,K ,T ) = A(t,S;σ,m,K ,T ).
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A Price Surface Associated with the Hedging Rule II

Therefore, if Y ? is sufficiently smooth, the corresponding Greeks are

∆DD =
∂Y ?

∂S = A, ΓDD =
∂2Y ?

∂S2 , VDD =
∂Y ?

∂σ
, ΘDD =

∂Y ?

∂t .

Interpretation
The learned hedge map A plays the role of a data-driven Delta, while Y ? is an associated price
surface obtained as an S-primitive of A.
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References I

Below you can find the relevant references. Item [10] contains the Python code used primarily
in [6].
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